Thirring model at finite chemical potentials and perform hybrid Monte Carlo (HMC) simulations. We adopt the lattice action defined with the staggered fermion and a compact link field for the auxiliary vector field. We firstly locate the critical points (saddle points) of the gradient flows within the subspace of time-independent (complex) link field, and study the thiemble structure and the Stokes phenomenon to identify the thimbles which contribute to the path-integral. Then, we perform HMC simulations on the single dominant thimble and compare the results to the exact solution. The numerical results are in agreement with the exact ones in small and large chemical potential regions, while they show some deviation in the crossover region in the chemical potential. We also comment on the necessity of the contributions from multiple thimbles in the crossover region.
Introduction
Exploring properties of QCD at finite temperatures and densities is one of the exciting topics in particle physics. Lattice QCD has proved to be a powerful nonperturbative method at finite temperatures, but its direct application at finite densities is extremely hard because of the sign problem; for nonzero chemical potentials, the action becomes complex and the integrand becomes a highly oscillatory function, which invalidates the importance sampling. Usual Monte Carlo algorithms break down and we can not extract information of high density region of QCD. Various methods have been applied for studying QCD at finite density, which include, e.g., Taylor expansion method, multi-reweighting method, use of imaginary chemical potential, study of SU(2) theory, complex Langevin method and so on [1, 2] .
In this work, we try to apply the Lefschetz thimble method [3, 4, 5] to the lattice (0+1) dimensional Thirring model at finite density, which is proposed in Ref. [6] . This model has several similarities to lattice QCD at finite chemical potentials: (1) it is described by compact variables, (2) the sign problem occurs from its Dirac determinant, (3) the fermion number density and the chiral condensate are physically important observables. Moreover, differently from QCD, (4) the partition function of this model can be evaluated exactly. We firstly locate the critical points (saddle points) of the gradient flows within the subspace of time-independent (complex) link field, and study the thiemble structure and the Stokes phenomenon to identify the thimbles which contribute to the path-integral. We next perform HMC simulations on the single dominant thimble and compare the results to the exact solution. This sutdy of the Thirring model with the thimble method will give us useful lessons for its future application to the (3+1) dimensional QCD at finite density.
Model definition and application of the Lefschetz thimble method
In this investigation, we use the lattice action [6] 
where L is the lattice size, N f is the flavor number, β is the inverse coupling squared β = 1/2g 2 , m i is the fermion mass, and µ i is the chemical potential. The auxiliary field A n is defined as a compact link-auxiliary field e iA n on links, and takes the values in the range, −π ≤ A n < π. In our study, we focus only on the single flavor, N f = 1. The partition function can be evaluated exactly,
where I 0 (x) and I 1 (x) are the modified Bessel functions. From this exact form, we can obtain the exact number density and chiral condensate by differentiating the partition function with respect to the chemical potential and the fermion mass, respectively, Here, we apply the Lefschetz thimble method to the Thirring model. We firstly extend the real variables A n to complex numbers, A n → z n . Note that the originally compact variables e iA n become non-compact after this extension. Then, we solve the complexified saddle point equation, 6) to find out the critical points. We denote a set of critical points as {σ }. The Lefschetz thimble J σ associated to a critical point σ is defined as a union of the downward flow in the complexified configuration space:
Along a flow line the imaginary part of the action ImS remains constant. The downward flows extend to the region where h = −ReS becomes −∞. Importantly, since the action diverges at the zero points of the fermion determinant,
the thimbles generally can end at those fermion-zeros. Indeed the zero point condition (2.8) can be solved exactly. When we restrict that z n is independent of n, the solutions are written as
(2.9) Figure 1 shows the thimble structure within the zero-mode subspace at µ = 0 and 0.8. For µ = 0 the downward flows emanating from the origin run into the other critical points at z = ±π, while for µ = 0.8 they flow into the determinant zeros. The thimble structure depends on parameters in the theory.
To decompose the original integration contour into the thimbles, we need to select the contributing thimbles, which have the nonzero intersection numbers determined by the dual cycles K σ sharing the same critical point σ . The dual cycle K σ is defined by the following equation,
K σ emanates from either of the points ±i∞, where h = +∞. Roughly, the intersection number n σ is unity (zero) if its dual cycle K σ does (not) intersect with the original contour. In general it is hard to determine all intersection numbers because we need whole knowledge on the global thimble structure in the complexified configuration space. Furthermore, the set of thimbles which contribute to the partition function changes depending on µ. In the next section, we study the Stokes phenomenon to obtain information of change of intersection numbers.
Stokes phenomenon and intersection numbers
Here we study the Stokes phenomenon which provides information of change of intersection numbers. In order for an intersection number to change (with increasing µ), the endpoint of K σ must change, e.g., from −i∞ to +i∞. Inbetween there is a critical value µ * at which K σ is connected to another critical point σ ′ . At this µ * , K σ is overlapping with J σ ′ . When two critical points are connected by a flow, we say that the Stokes phenomenon occurs. A necessary condition for the Stokes phenomenon is as follows:
with k ∈ Z. In ordinary cases such as λ φ 4 theory the second term on the r.h.s. is not necessary, but it is needed in our case because of the branch cuts caused by the log det D term in the action. For this parameter set, there are six µ * at which the Stokes phenomenon occurs. Figure 3 shows the thimble structures around µ * 4 . The dual cycle K σ 1 intersects the real axis at µ < µ * but it does not at µ > µ * . Hence, µ * 4 is the critical value for change of the intersection number n σ 1 . We 
can construct the integration contour of the zero-mode partition function by thimbles. In Fig. 4 , we present the right-half plain of the zero-mode configuration space at several values of µ. From this figure, we find that the thimble J σ 0 always contributes to the partition function. Actually, by comparing ReS at σ i , this thimble J σ 0 is the most dominant. One of the important questions then is how accurately we can reproduce the exact solutions only by this dominant thimble J σ 0 .
HMC simulation
We perform lattice simulations on the single thimble J 0 in order to test how accurately the dominant thimble can reproduce the exact solutions. We have employed the HMC algorithm proposed in Ref. [5] with a few improvements by introducing a scale parameter λ to rescale the variables as z n → λ z n and by using the adaptive step size in the Runge-Kutta method. Figure 5 shows the residual phase averages at L = 4, 8, β = 1, 3, 6 and m = 1. At those parameters, the averages of the residual phase stabilize around exp(iθ ) ∼ 0.8-1. Hence, we can rely on the phase reweighting to estimate observables. Numerical results for the number density and the fermion condensation are plotted in Figs. 6 and 7. At β = 3, 6, the numerical results are in good agreement with the exact solutions within the µ-range considered. However, at β = 1, we find discrepancies between the numerical results and the exact ones in the crossover region. <χ -χ> <χ -χ> The squared coupling constant is chosen as β = 1 (red), 3 (green), and 6 (blue). We represent numerical and exact results using colored points and solid lines, respectively.
Summary
We have applied the Lefschetz thimble method to the (0+1) dimensional Thirring at finite density. We firstly investigate thimble structure, and then study the Stokes phenomenon to identify the contributing thimbles to the evaluation of the partition function within the n-independent complex field subspace. We next performed HMC simulations on the dominant thimble J σ 0 , which ends at the determinant-zeros at finite chemical potential µ. At large β the simulation results reproduce the exact one very well, but at small β we have observed the discrepancies in the crossover region of µ. This numerical result is consistent with the analytical study of the model's thimble structure and shows that in the crossover region we need to take into account the contributions from the subdominant thimbles to reproduce the exact results appropriately.
